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Abstract
Suppose T is a bounded self-adjoint operator on the Hilbert space L2(X,μ) and let
T =
∫
Sp
L2T
λdE(λ)
be its spectral resolution. Let F be a Borel bounded function on [−a, a], SpL2T ⊂ [−a, a]. We say that F
is a spectral Lp-multiplier for T , if
F(T ) =
∫
Sp
L2T
F (λ)dE(λ)
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A. Hulanicki, M. Letachowicz / Journal of Functional Analysis 256 (2009) 700–717 701is a bounded operator on Lp(X,μ). The paper deals with l1-multipliers, where X = G is a discrete (count-
able) solvable group with ∀x∈G, x4 = 1, μ is the counting measure and
TΦ : l2(G)  ξ → ξ ∗ Φ ∈ l2(G),
where Φ = Φ∗ is a l1(G) function, suppΦ generates G. The main result of the paper states that there exists
a Ψ on G such that all l1-multipliers for TΨ are real analytic at every interior point of Spl2(G)TΨ . We also
exhibit self-adjoint Φ ′s in l1(G) such that suppΦ generates G and F ∈ C2c are l1-multipliers for TΦ .
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Suppose T is a bounded self-adjoint operator on the Hilbert space L2(X,μ) and let
T =
∫
Sp
L2T
λdE(λ)
be its spectral resolution. Let F be a Borel bounded function on [−a, a], SpL2T ⊂ [−a, a]. We
say that F is a spectral Lp-multiplier for T , if
F(T ) =
∫
Sp
L2T
F (λ)dE(λ)
is a bounded operator on Lp(X,μ).
If G is a locally compact group, Lp(G) the space of functions p-integrable with respect to
the right-invariant Haar measure, then for every Φ = Φ∗ ∈ L1(G)
TΦ : L2(G)  ξ → ξ ∗Φ ∈ L2(G)
is a self-adjoint bounded operator. Let
TΦ =
∫
Sp
L2T
λdEΦ(λ)
be its spectral resolution. Let F be a Borel bounded function on [−a, a], SpL2T ⊂ [−a, a]. We
say that F is a spectral Lp-multiplier for T , if
F(T ) =
∫
Sp T
F (λ)dEΦ(λ)L2
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spectral Lp multipliers for TΦ , where Φ = p1, {pt }t>0 being the heat kernel associated to a sub-
Laplacian L on G. This of course can be rephrased as a property of the spectral multipliers of L,
since
Tp1 =
∫
R
eλ dEL(λ),
EL(λ) being the spectral resolution of L. Depending on the group and L it may happen that
there exist L1-spectral multipliers F of finite smoothness or, just the opposite, F must be real
analytic at every interior point of SpL2L. There is a host of results about the subject, some of the
references being [1–3,6].
The existence of this alternative, G being an infinite discrete group has been also noticed and
studied. To wit, if G is a non-commutative free group, S the set of the free generators and
Φ = 1|S ∪ S−1|1S∪S−1 ,
then all spectral lp-multipliers for TΦ , p = 2 must be real analytic. As is well known [7], if G
is commutative there is no Φ = Φ∗ ∈ l1(G) such that all the spectral multipliers for TΦ are real
analytic. If G is finitely generated and is of polynomial growth, then for every Φ = Φ∗ of finite
support TΦ admits spectral multipliers of finite smoothness. Also a combination of theorems by
M. Gromov [5] and J. Ludwig [9] yields that for a finitely generated group of polynomial growth
for every Φ = Φ∗ ∈ l1(G) there is a non-analytic spectral multiplier F for TΦ . For solvable
infinite discrete groups the question has not been settled.
In this paper we construct a discrete infinite group G for which, on one hand side, there exists
a Ψ = Ψ ∗ ∈ l1(G) such that all l1-multipliers for TΨ must be real analytic at every interior point
of Spl2(G)Ψ and on the other there are self-adjoint Ψ ′s ∈ l1(G) such that suppΨ generates G
and for some k all functions F ∈ Ckc are l1-multipliers for TΨ .
Let us remark that we know only about theorems that state that Lp-multipliers F are real
analytic, in all the cases of semi-simple, solvable Lie groups or the free group, the proofs of
which are based on representation theory. In the present paper, we show exponential decay of the
Fourier coefficients of the multiplier F and we do not appeal to representation theory. Our proofs
are of the spirit of the classical theorems of Y. Katznelson [8], cf. also [7].
2. The group
The group operation will be written as multiplication. Let C,D,E be three copies of the direct
product of infinitely many copies of Z2 = {1,−1} with multiplication.
C = {ε = (ε1, ε2, . . .): εj ∈ {1,−1}, εj = 1, except a finite number of j},
D = {d = (d1, d2, . . .): dj ∈ {1,−1}, dj = 1, except a finite number of j},
E = {x = (x1, x2, . . .): xj ∈ {1,−1}, xj = 1, except a finite number of j}.
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Thus E is isomorphic with the set of functions η : D → E such that η(d) = 1 for finitely many
d ′s only.
We introduce an action of D on E by writing
ηd(d ′) = η(dd ′).
The wreath product E  D (with fiber E) we denote by
L = {(η, d): η ∈ E, d ∈ D},
the multiplication being given by
(η1, d1)(η2, d2) =
(
η1η
d1
2 , d1d2
)
.
The group that is going to be the object of our investigations is
G = C ×L.
The following theorem is obvious.
Theorem 2.1. The group G is locally finite, meta-abelian, for each element x of G we have
x4 = 1.
We define an increasing sequence of finite subgroups Gn of G such that
⋃∞
n=1 Gn = G.
Let
Cn =
{
(ε1, ε2, . . .): εj ∈ {1,−1}, 1 = εn+1 = εn+2 = · · ·
}
,
Dn =
{
(d1, d2, . . .): dj ∈ {1,−1}, 1 = dn+1 = dn+2 = · · ·
}
, (2.2)
En =
{
(x1, x2, . . .): xj ∈ {1,−1}, 1 = xn+1 = xn+2 = · · ·
}
.
For the abelian group D we define the set of free generators by{
di = (1, . . . ,1,−1,1, . . .): i = 1,2, . . .
}
, d0 = (1,1,1, . . .), (2.3)
similarly for C {
ci = (1, . . . ,1,−1,1, . . .): i = 1,2, . . .
} (2.4)
and for E {
xi = (1, . . . ,1,−1,1, . . .): i = 1,2, . . .
}
. (2.5)
We put
Gn =
{
(c, η, d): c ∈ Cn, suppη ⊂ Dn, range η ⊂ En, d ∈ Dn
}
.
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|Gn| = 2n2n2n2n = 22n[1+2n−1]. (2.6)
Remark 2.7. In virtue of (2.6), G is a residually nilpotent group. This property, however, is not
relevant for us here.
3. Functions on E
Let E =⊕∞n=1 Z2 and ϕ be a function in l1(E). We define
E(·, ϕ) : R  u → E(u,ϕ) ∈ l1(E)
by
E(u,ϕ)(x) =
∞∑
k=0
(iu)kϕ∗k(x)
k! .
Of course,
E(u,ϕ) ∈ l1(E),
E(u + v,ϕ) = E(u,ϕ) ∗ E(v,ϕ),
E(u,αϕ) = E(αu,ϕ),
ϕ ∗ψ = ψ ∗ ϕ ⇒ E(u,ϕ +ψ) = E(u,ϕ) ∗ E(v,ψ),
ϕ = ϕ∗ ⇒ The operator of convolution by E(u,ϕ) is a unitary.
Now, we are going to find a function f0 ∈ l1(E), such that
∀N
∥∥E(u,f0)∥∥l∞  cNu−N.
The proof is a modification of the classical argument that goes back to Malliavin [10], cf. also [8].
Let us set
fm = 14 (δ1 + δx2mx2m−1 − δx2m − δx2m−1),
where xj is defined in (2.5). The function f0 is defined for an appropriate sequence of real
numbers {am} (see (3.2)) by
f0 =
∞∑
m=1
amfm,
where
∞∑
|am| < ∞.
m=1
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mute and suppfm ∩ suppfn = {1} for n = m, we have
∥∥E(u,f0)∥∥l∞(E) =
∥∥∥∥∥
∗∏
m∈N
E(uam,fm)
∥∥∥∥∥
l∞(E)

∞∏
m=1
∥∥E(uam,fm)∥∥l∞(E),
here and subsequently the symbols
∏∗
m∈N denotes the convolution product. A simple verification
shows that
f ∗2m = fm,
whence
E(α,fm)(x) =
∞∑
k=0
(iα)kf ∗km (x)
k! =
∞∑
k=1
(iα)kfm(x)
k! + δ1(x)
= fm(x)
∞∑
k=0
(iα)k
k! − fm(x)+ δ1(x)
= fm(x)
(
eiα − 1)+ δ1(x),
hence ∥∥E(α,fm)∥∥l∞(E) = max{14(2 − 2 cos(α)) 12 , 14 (10 + 6 cos(α)) 12
}
 1.
If 2π3  α 
4π
3 , then ∥∥E(α,fm)∥∥l∞(E)  34 . (3.1)
Let {Nk} be an increasing sequence of positive integers such that∑
Nk2−k < ∞.
We set
am = π3 · 2k−1 for
k−1∑
j=1
Nj < m
k∑
j=1
Nj . (3.2)
We have
∞∑
m=1
am = 2π3
∞∑
k=1
Nk2−k < ∞,
so f0 ∈ l1(E).
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4π
3 for 2
k  u 2k+1 and for Nk values am = π3·2k−1 . Hence by (3.1)
we obtain
C(u) :=
∞∏
m=1
∥∥E(u, amfm)∥∥l∞(E)  (34
)Nk
.
If we take Nk = 2kk−2 we obtain
C(u) = C(−u) c
(
3
4
)u log−2 u
, as u → ∞.
Thus
∀N
∥∥E(u,f0)∥∥l∞(E) < cN |u|−N, as u → ±∞. (3.3)
For λ ∈ R we define a function
Tλ = cλ
∞∫
−∞
iuE
(
u, (f0 − λδ1)
)
du. (3.4)
By (3.3),
Tλ ∈ l∞(E).
For f ∈ l1(E), g ∈ l∞(E) we write
〈f,g〉 =
∑
x∈E
f (x)g(x).
Now we look for a number λ ∈ R and a function S ∈ l∞(E) such that
〈f0 − λδ1, Tλ〉 = 0, (3.5)
〈δ1, Tλ〉 = 0, (3.6)
〈f0 − λδ1, S〉 = 0, (3.7)
〈δ1, S〉 = 1. (3.8)
We define
M : R  u −→ E(u,f0)(1) ∈ C.
Since f0 is function with real values, M(u) = M(−u), whence the Fourier transform M̂ takes
real values. Since by (3.3) M is integrable, M̂ vanishes at infinity. Therefore exists a ι such that
d M̂(λ)|λ=ι = 0 and M̂(ι) = 0. We havedλ
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dλ
(λ) = d
dλ
∞∫
−∞
E(u,f0)(1)e−iuλ du = −
∞∫
−∞
E(u,f0)(1)iue−iuλ du
=
∞∫
−∞
iuE
(
u, (f0 − λδ1)
)
(1) du = − 1
cλ
〈δ1, Tλ〉
and
1
cλ
〈f0 − λδ1, Tλ〉 =
∑
x
(f0 − λδ1)(x)
∞∫
−∞
∞∑
k=0
iu
(iu)k(f0 − λδ1)∗k(x)
k! du
= uE(u,f0 − λδ1)(1)
∣∣∣∞
u=−∞ −
∞∫
−∞
E(u,f0 − λδ1)(1) du
= −
∞∫
∞
E(u,f0)(1)e−iuλ du = −M̂(λ).
So (3.5) and (3.6) hold with λ = ı.
Let
fι = f0 − ιδ1.
What is more,
∀g∈l1(E)
〈
g ∗ f ∗2ι , Tι
〉= 0. (3.9)
Indeed,
∣∣〈g ∗ f ∗2ι , Tι〉∣∣=
∣∣∣∣∣∑
x
g ∗ f ∗2ι (x)
∞∫
−∞
iuE(u,fι)(x) du
∣∣∣∣∣
=
∣∣∣∣∣
∞∫
−∞
∑
x
g ∗ f ∗2ι (x)iu
∞∑
k=0
(iu)kf ∗kι (x)
k! du
∣∣∣∣∣
=
∣∣∣∣∣
∞∫
−∞
∞∑
k=0
iug ∗ f ∗2ι ∗
(iu)kf ∗kι
k! (1) du
∣∣∣∣∣
=
∣∣∣∣∣
∞∫ ∞∑
k=0
ug ∗ fι ∗ u
kik+1f ∗ (k+1)ι
k! (1) du
∣∣∣∣∣−∞
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∣∣∣∣∣g ∗ fι ∗ E(u,fι)(1)u
∣∣∣∣u=∞
u=−∞
−
∞∫
−∞
g ∗ fι ∗ E(u,fι)(1) du
∣∣∣∣∣
 ‖g ∗ fι‖l1 |u| ·
∥∥E(u,fι)∥∥l∞ ∣∣∣u=∞u=−∞ + ‖g‖l1∥∥E(u,fι)∥∥l∞ ∣∣∣u=∞u=−∞ = 0.
From (3.5), (3.6) and (3.9) we conclude that fι is not invertible, hence, by the Wiener theorem,
there exists χ0 ∈ Ê such that f̂ι(χ0) = 0. We easily see that (3.7) and (3.8) hold if we set S = χ0.
Hence (3.7) and (3.8) are proved. Moreover
∀g∈l1(E) 〈g ∗ fι, S〉 = 0. (3.10)
To summarize, putting cλ = 〈fι, Tι〉−1 in (3.4), in virtue of (3.9), (3.10) and (3.5)–(3.8), we
have
〈fι, Tι〉 = 1, (3.11)
〈δ1, Tι〉 = 0, (3.12)
∀g∈l1(E)
〈
g ∗ f ∗2ι , Tι
〉= 0, (3.13)
〈δ1, S〉 = 1, (3.14)
∀g∈l1(E) 〈g ∗ fι, S〉 = 0. (3.15)
4. Functions on E and on L
Now we are going to consider l1(E). Since E is abelian, l1(E) is commutative. Let
f(η) =
{
fι(η(1)), if η(d) = 1 for all d = 1,
0, otherwise,
where fι is as in Section 3.
Let d ∈ D. We write
fd(η) = f(ηd).
Consequently,
fd(η) =
{
fι(η(d)), if η(d ′) = 1 for all d ′ = d,
0, otherwise.
We define functions in l∞(E) by
TW =
⊗
Tι ⊗
⊗
S, (4.1)
d∈W d /∈W
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d∈K
(
fd
)∗ jd , TW〉= {1, if W = K and jd = 1 for all d ∈ K,0, otherwise. (4.2)
The space l1(L) is isometrically isomorphic to the space of functions
Φ : D → l1(E),
with
‖Φ‖ =
∑
d∈D
∥∥Φ(d)∥∥
l1(E), Φ ∗Ψ (d) =
∑
d ′∈D
Φ(d ′) ∗ [Ψ (d ′d)]d ′ . (4.3)
To simplify the notation we write
Φ ∗Ψ = ΦΨ, δ(1,d) ∗Φ = dΦ, Φ ∗ δ(1,d) = Φd.
Also we imbed
l1(E)  g → δ1g ∈ l1(L),
that is g ∈ l1(E) is identified with the function on D (with the value of g in l1(E) supported by
the identity of D). Consequently, for g ∈ l1(E) and d ∈ D, by (4.3)
dg = gdd. (4.4)
Let dk be the basis of D as in (2.3). We define a function Φι ∈ l1(L) by
Φι =
∞∑
k=0
1
2k+1
(fdk + dkf). (4.5)
To estimate the nth convolution power of Φι at 1, 1 ∈ D, we write
Φ∗nι (1) =
∑
di1 ·...·din=1
α(di1)α(di2) · . . . · α(din)(fdi1 + di1f) . . . (fdin + dinf)(1),
where
α(dk) = 12k+1 . (4.6)
The product
(fdi1 + di1f) . . . (fdin + dinf)
is the sum of following summands
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(. . . fdij dij+1f . . .), (4.8)
(fdi1fdi2 · · · fdin ), (4.9)
(di1fdi2f · · ·dinf), (4.10)
where (4.9) and (4.10) appear exactly once. Clearly, some terms of the form (4.7) can be written
also in the form (4.8). Since (4.4) holds, we can rewrite (4.7) as(
. . . fdi1di2 ·...·dij fdi1di2 ·...·dij . . .
)
(di1 · . . . · din ).
Assume now that (4.8) cannot be written also in the form (4.7). Then the factor
fimdimdim+1fim+1 appears exactly once in (4.8). Moreover, by (4.4) we can rewrite (4.8) as(
f∗2fdi1 · · · fdi1 ···dij−1 fdi1 ···dij+1 · · · fd1d2...din−1 )(di1 · · ·din ),
because di1di2 · · ·din = 1 and the algebra l1(E) is commutative.
In virtue of (4.2) summands (4.7) and (4.8) are annihilated by TW for every finite W ⊂ D.
Thus we have〈
Φ∗nι (1), TW
〉= ∑
di1 ·...·din=1
α(di1)α(di2) · . . . · α(din)
(〈
fdi1fdi2 · · · fdin (1), TW
〉
+ 〈di1fdi2f · · ·dinf(1), TW 〉)
=
∑
di1 ·...·din=1
α(di1)α(di2) · . . . · α(din)2
〈
f ∗ fdi1 ∗ · · · ∗ fdi1 ·...·din−1 , TW
〉
, (4.11)
where, by (4.2) and (4.6), each of the summands is nonnegative. Observe that for a finite subset W
of D and the function TW in l∞(E) defined in (4.1), we have
〈
Φ∗nι (1), TW
〉= { 〈Φ∗nι (1), TW 〉, n = |W |,
0, otherwise.
(4.12)
Indeed, if n < |W |, then in each of the summands (4.11) there is an element d in W , which does
not appear as the exponent in the f ∗ fdi1 ∗ · · · ∗ fdi1 ·...·din−1 . On the other hand, if n > |W |, then
each summand in (4.11) is annihilated by TW , because the product
f ∗ fdi1 ∗ · · · ∗ fdi1 ·...·din−1
contains at least one factor of the form f d ′ , d ′ /∈ W, or (f d)∗2, d ∈ W. Therefore in both cases〈
Φ∗nι (1), TW
〉= 0.
Now we consider the function TDk ∈ l∞(E), Dk being as in (2.2). For each nk = 2k = |Dk|,
k ∈ N, we define a sequence {dki }nki=1 by induction.
d1 = d1 = d1.1 2
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dk1 , . . . , d
k
nk
)= (dk−11 , . . . , dk−1nk−1−1, dk, dk−11 , . . . , dk−1nk−1−1, dk).
It is clear that for a fixed k all elements of the sequence
dk1 , . . . , d
k
nk
(4.13)
belong to the set {d1, . . . , dk} and that for j < k dj appears 2k−j times and dk appears 2 times in
(4.13). It is also easy to see that all nk elements in the set{
dk1 . . . d
k
nk
, dk2 . . . d
k
nk
, dk3 . . . d
k
nk
, . . . , dknk
}= Dk
are different and
dk1 . . . d
k
nk
= 1.
It suffices to show that
∀i<j<nk dki . . . dkj = 1. (4.14)
We argue by induction on k:
if i  nk−1  j < nk, then dk appears only once in the product (4.14), so it is; if i < j < nk−1,
then dki . . . d
k
j = dk−1i . . . dk−1j = 1;
if nk−1 < i < j < nk , then dki . . . d
k
j = dk−1i−nk−1 . . . dk−1j−nk−1 = 1 and (4.14) follows by inductive
hypothesis.
We observe that, by (4.11)
〈
Φ∗nkι (1), TDk
〉= ∑
di1 ... dink =1
α(di1)α(di2) · . . . · α(dink )
(〈
fdi1fdi2 · · · fdink (1), TDk
〉
+ 〈di1fdi2f · · ·dink−1 f(1), TDk 〉)
 α
(
dk1
)
α
(
dk2
) · . . . · α(dknk )2〈f ∗ fdk1 ∗ fdk1dk2 ∗ · · · ∗ fdk1 ·...·dknk , TDk 〉
= 2 · 2−2·2k−1 2−3·2k−2 · . . . · 2−k·22−(k+1)2
= 2 · 2−2(2·2k−2+3·2k−3+...+k)−2(k+1)
= 2 · 2−2(2k+2k−1−k−2+k+1)
= 2−3·2k+2 = 8 · 8−nk .
We then have ∥∥Φ∗nkι ∥∥l1(L)  ∣∣〈Φ∗nkι (1), TDk 〉∣∣‖TDk‖−1l∞(E)  (8 · ‖Tι‖)−nk .
Now, using our last estimate and (4.12), we are going to present the lower bound for
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=
∥∥∥∥∥
∞∑
l=0
(in)lΦ∗ lι (1)
l!
∥∥∥∥∥
l1(E)

∣∣∣∣∣
〈 ∞∑
l=0
(in)lΦ∗ lι (1)
l! , TDk
〉∣∣∣∣∣‖TDk‖−1l∞(E)
= n
2k 〈Φ∗2kι (1), TDk 〉
2k! ‖TDk‖
−1
l∞(E)

(
n
8‖Tι‖
)2k
2k! .
Whence for n 16‖Tι‖, there exists k ∈ N such that 2k  n8‖Tι‖  2k+1 and
∥∥E(n,Φι)∥∥l1(L)  (2k)2k2k!  Ceε|n|. (4.15)
Thus we arrive to the main theorem of this section.
Theorem 4.16. If Φι ∈ l1(L) is defined by (4.5), then for a ε > 0 and C > 0 we have∥∥E(n,Φι)∥∥l1(L)  Ceε|n|.
5. Functions on G
Now we consider the group
G = C ×L.
Let φ∗ = φ ∈ l1(C) be such that Spl2(C)φ = [−π,π], e.g.
φ(c) = π
∞∑
j=1
δcj (c)
2j
,
where {cj : j ∈ N} is the basis of C as in (2.4).
Let
Ψ0 = φ ⊗ δ1 + δ1 ⊗Φι.
Consider the Hilbert space l2(G) = l2(C) ⊗ l2(L) and the operator
TΨ0 = Tφ ⊗ idl2(L) + idl2(C) ⊗ TΦι
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Ω = [−π;π] + Spl2(L)TΦι .
Suppose that for a bounded Borel function G we have∥∥∥∥ ∫ ∫
[−π,π]×Sp
l2(L)TΦι
G(λ1, λ2) dEΦι(λ2) dEφ(λ1)
∥∥∥∥
l1(G)→l1(G)
 C0.
Then
ess sup
λ1∈[−π,π]
∥∥∥∥ ∫
Sp
l2(L)TΦι
G(λ1, λ2) dEΦι(λ2)
∥∥∥∥
l1(L)→l1(L)
 C0, (5.1)
with the same constant C0.
Let H be 2π -periodic bounded Borel function. Suppose H is an l1-spectral multiplier for
TΨ0, that is, ∥∥∥∥ ∫
Sp
l2(G)TΨ0
H(λ)dEΨ0(λ)
∥∥∥∥
l1(G)
 C0.
Set
G(λ1, λ2) = H(λ1 + λ2).
Then (5.1) gives
ess sup
s∈[−π,π]
∥∥∥∥ ∫
Sp
l2(L)TΦι
H(s + λ2) dEΦι(λ2)
∥∥∥∥
l1(L)→l1(L)
 C0. (5.2)
Now we are going to compute the Fourier coefficients Ĥ (n) of the 2π -periodic function H .
We write
π∫
−π
∫
Sp
l2(L)TΦι
H(λ + t) dEΦι(λ)eint dt =
∫
Sp
l2(L)TΦι
π∫
−π
H(λ + t)eint dt dEΦι(λ)
=
∫
Sp
l2(L)TΦι
π∫
−π
H(s)einse−inλ ds dEΦι(λ)
=
∫
Sp 2 TΦ
2πĤ(n)e−inλ dEΦι(λ)l (L) ι
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∫
Sp
l2(L)TΦι
e−inλ dEΦι(λ)
= 2πĤ (n)E(n,Φι).
Thus, by (5.2) we have
∣∣Ĥ (n)∣∣ · ∥∥E(n,Φι)∥∥l1(L)→l1(L)  C0,
hence from (4.15) it may be conclude that
∣∣Ĥ (n)∣∣ Ce−ε|n|. (5.3)
We are now in a position to define the function Ψ on G = C ×L by putting
Ψ = sinΨ0 =
∞∑
j=0
(−1)jΨ ∗ (2j+1)0
(2j + 1)! ∈ l
1(G).
Of course
TsinΨ0 =
∫
Sp
l2(G)TΨ0
sin(λ) dEΨ0(λ),
where EΨ0 is the spectral measure of
TΨ0 : l2(G)  ξ → ξ ∗Ψ0 ∈ l2(G).
Theorem 5.4. Suppose a function F is an l1-multiplier for Ψ . By dilating F we may assume
that F is defined on [−1,1]. Then for every z0 ∈ (−1,1) the function F(z) has a holomorphic
extension in a neighborhood z0 ⊂ C.
Indeed, let H(λ) = F(sinλ), then
1∫
−1
F(z)dEΨ =
∫
Ω
H(λ)dEΨ0(λ),
H is periodic and by (5.3) H(λ) = ∑n∈Z Ĥ (n)ein(λ+iη) is absolutely and uniformly conver-
gent for |η| < ε. Consequently, for every x ∈ (−1,1) ⊂ C the function F is real analytic in a
neighborhood of x.
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The following argument goes back to J. Dixmier [4] and has been used many times since then.
Let H be a Hilbert space, B be a Banach space contained in H. Suppose that T : H → H is a
bounded hermitian operator on H. Let
T =
∫
SpHT
λdE(λ)
be its spectral resolution. Assume that SpHT ⊂ [−a, a]. Let BT be the self-adjoint algebra of
Borel bounded functions F on [−a, a] such that
F(T ) =
∫
SpHT
F (λ)dE(λ)
is a bounded operator on B . Since F(T )G(T ) = (FG)(T ), BT is indeed a ∗-algebra. A func-
tional calculus for an operator T as above is, by definition, the correspondence between functions
F on R and the operators F(T ) that are bounded on B .
For a hermitian operator T we define the operator eiT by
eiT =
∞∑
n=0
(iT )n
n! . (6.1)
Of course eiT is a unitary operator.
Theorem 6.2. Since T is hermitian (multiplying T by a constant) we may assume that SpH(T ) ⊂
[−π,π]. Let F̂ (n) be the Fourier coefficients of F . Since
‖T ‖B→B  ‖T ‖H→H, (6.3)
then
∞∑
n=−∞
∣∣F̂ (n)∣∣∥∥einT ∥∥
B→B < ∞ ⇒
∥∥F(T )∥∥
B→B < ∞.
Indeed, since the series (6.1) is absolutely convergent, in virtue of (6.3), the operator
∞∑
n=−∞
F̂ (n)einT = F(T )
is bounded on B and on H. On the other hand, for every λ in SpHT we have
F(λ) =
∞∑
n=−∞
F̂ (n)einλ,
which implies that F(T ) is a bounded operator B → B .
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This implies that if ∥∥einT ∥∥
B→B = O
(|n|k) for n → ∞,
then F(T ) is a bounded operator on B for F ∈ Ck+2[−π,π].
7. Locally finite groups
Let us consider
G =
∞⋃
m=1
Gm, Gm ⊂ Gm+1, |Gm| < ∞,
where Gm is an increasing family of group. We define a length function τ(αn) on G by
τ(αn)(x) = 1 +
∞∑
n=1
αn1Gn\Gn−1(x),
where 1 α1  α2  · · · . Set
w(αn)(x) = eτ(αn)(x).
We have
τ(αn)(xy) τ(αn)(x)+ τ(αn)(y), whence ω(αn)(xy) ω(αn)(x)ω(αn)(y). (7.1)
Now we put
αn = e|Gn|
and we write
τ = τ(αn) and ω = eτ .
Then {
x: τ(x) < α
}⊂ Gn, where |Gn| < logα. (7.2)
Let
l1ω(G) =
{
f :
∑∣∣f (x)∣∣ω(x) = ‖f ‖w < ∞}.
x∈G
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eif =
∞∑
k=0
(if )∗k
k!
has the following estimate ∥∥eif ∥∥
ω
 e‖f ‖ω .
Theorem 7.3. Let f ∗ = f ∈ l1ω(G). Then∥∥einf ∥∥
l1(G)  c(logn)
1
2 .
Indeed, in virtue of (7.2) and the Schwarz inequality, for n 1 we have∥∥einf ∥∥
l1(G) =
∑
τ(x)<‖f ‖ωn
∣∣einf (x)∣∣+ ∑
τ(x)‖f ‖ωn
∣∣einf (x)∣∣ω(x)ω(x)−1

∣∣{x: τ(x) < ‖f ‖ωn}∣∣ 12 ∥∥einf ∥∥l2(G)→l2(G) + en‖f ‖ω−n‖f ‖ω  c(log(n‖f ‖ω)) 12 .
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